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Problem & Motivation



MPC of a DAG

A minimum-sized set of paths such that every vertex appears in
at least one path of the set
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Motivation

Applications in various fields

Bioinformatics

Multi-assembly [10, 27, 25, 4, 19]
Perfect phylogeny haplotyping [1, 13]
Pan-genome alignment [22, 20]

Scheduling [7, 8, 3, 28, 29, 23], computational logic [2, 12],
distributed computing [26, 15], databases [16], evolutionary
computation [17], program testing [24], cryptography [21],
programming languages [18]

→Since the size k of an MPC (width) is small, research has
focused in solutions parameterized by k
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Previous work



MPC algorithms

Reduction to Maximum Matching [11]

O(
√
|V ||E|) [14] → transitive DAGs

O(|V |2 + k
√
k|V |) and O(

√
|V ||E|+ k

√
k|V |) [5, 6]

Reduction to Minimum Flow [24]
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Our results



MPC in parameterized linear time

A simple D&C algorithm

O(k2|V | log |V |+ |E|)
O(k2|V |+ |E|) in PRAM

The first parameterized linear time algorithm

O(k3|V |+ |E|)

Width sparsification of edges to < 2|V |
O(k3|V |+ |E|)

→At the core of our solutions we use:
Transitive sparsification, shrinking and splicing
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Roadmap



Roadmap



Transitive sparsification

A spanning subgraph S preserving the reachability relation

between its vertices

⇒
width(S) = width(G)

Every path cover of S is path cover of G
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Transitive sparsification

Inspired by Jagadish’s work [16], we propose a transitive
sparsification algorithm based on a path cover P of size t

Observation 2.1

We sparsify the incoming edges of v to ≤ t in O(t+ |N−(v)|)
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Shrinking

Shrink a path cover P of size t in an MPC

Can be solved by using the flow reduction:

Interpret P as a flow

Find ≤ t− k decrementing paths

Extract the MPC

Lemma 2.5

We can obtain an MPC of G in time O(t(|V |+ |E|))

→ Generalization of approach used by Mäkinen et.al [22]
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Roadmap



D&C Algorithm

Compute a topological order of the vertices v1, . . . , v|V |

Run the following recursive algorithm. Starting from G,
on the subgraph Gi,j [{vi, . . . , vj}]:

Solve recursively on Gℓ = (Vℓ, Eℓ), induced by
vi, . . . , v(j−i+1)/2. Obtaining a MPC P ℓ

1 , . . . , P
ℓ
kℓ

Solve recursively on Gr = (Vr, Er), induced by
v(j−i+1)/2, . . . , vj . Obtaining a MPC P r

1 , . . . , P
r
kr

Obtain sparsification of Gi,j using the path cover
P ℓ
1 , . . . , P

ℓ
kℓ
, P r

1 , . . . , P
r
kr

Shrink the path cover solution to P1, . . . , Pk
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An example - Division
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An example - Recursion
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An example - Sparsification
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An example - Shrinking
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D&C algorithm

Theorem 1.1

We compute an MPC in time O(k2|V | log |V |+ |E|)

Theorem 1.2

We compute an MPC in O(k2|V |+ |E|) parallel steps using
O(log |V |) single processors in the PRAM model
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Roadmap



Parameterized linear time

High-level approach:

Process vertices in topological order v1, . . . , v|V |

At each step compute an MPC Pi of Gi

In step i+ 1 consider the path cover Ti+1 = Pi ∪ {vi+1},
and shrink it to Pi+1

→ We work directly with the flow reduction Gi of Gi, and at
each step we look for a decrementing path in the residual

network R(Gi+1, Ti+1)

11 / 19



Parameterized linear time

High-level approach:

Process vertices in topological order v1, . . . , v|V |

At each step compute an MPC Pi of Gi

In step i+ 1 consider the path cover Ti+1 = Pi ∪ {vi+1},
and shrink it to Pi+1

→ We work directly with the flow reduction Gi of Gi, and at
each step we look for a decrementing path in the residual

network R(Gi+1, Ti+1)

11 / 19



Parameterized linear time

At step i+ 1:
1 Sparsify the edges incoming to vini+1 using Pi

Ensures O(k) out-neighbors in R(Gi+1, Ti+1)

2 Layered traversal of R(Gi+1, Ti+1)

3 If a decrementing path D is found, splice Ti+1 along D to
get Pi+1. Otherwise, Pi+1 ← Ti+1

4 Update level of vertices
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Layered Traversal

We maintain:

Level assignment ℓ of the vertices of Gi to
{0, 1, . . . ,width(Gi)}. Partition of vertices into layers

Invariant A: For each (u, v) in R(Gi,Pi), ℓ(u) ≥ ℓ(v)

Invariants B and C

Main idea:

BFS in each reachable layer from highest to lowest

Stop when reaching t

Only continues to the next highest reachable layer once all
reachable vertices from the current layer have been visited
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Splicing

Reconnecting paths in a path cover P so that one follows a
certain path D

Requires edges in D covered by P
Preserves covering of vertices, size of path cover, and
multiplicity of edges

Lemma 2.6

We can obtain, in O(|D|), a path cover P ′ of the same size such
that µP(e) = µP ′(e), and there exists P ∈ P ′ containing D
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Splice Ti+1 along D

s

<latexit sha1_base64="zUZBooFIJzrv9LXJJOChfCsdhCk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YmuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmrpfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1arXzVqlfpfHUYQTOIVz8OAS6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f51WNEw==</latexit>

t

<latexit sha1_base64="V5LitINIRan65AxuDL3Ppi+5cfM=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN4KXjy2YmuhDWWznbRrN5uwOxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28Sp5tDisYx1J2AGpFDQQoESOokGFgUSHoLxzcx/eAJtRKzucZKAH7GhEqHgDK3UxH654lbdOegq8XJSITka/fJXbxDzNAKFXDJjup6boJ8xjYJLmJZ6qYGE8TEbQtdSxSIwfjY/dErPrDKgYaxtKaRz9fdExiJjJlFgOyOGI7PszcT/vG6K4ZWfCZWkCIovFoWppBjT2dd0IDRwlBNLGNfC3kr5iGnG0WZTsiF4yy+vkvZF1atVr5u1Sv0uj6NITsgpOSceuSR1cksapEU4AfJMXsmb8+i8OO/Ox6K14OQzx+QPnM8f6NmNFA==</latexit>

vout
i+1

<latexit sha1_base64="0fF199YOnfPEDIFLanydI1c4P+I=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNRbwYvHCvYD2rVk02wbmk3WJFsoy/4OLx4U8eqP8ea/MW33oK0PBh7vzTAzL4g508Z1v53C2vrG5lZxu7Szu7d/UD48ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H49uZ355QpZkUD2YaUz/CQ8FCRrCxkj/pp+zCyx5TmZisX664VXcOtEq8nFQgR6Nf/uoNJEkiKgzhWOuu58bGT7EyjHCalXqJpjEmYzykXUsFjqj20/nRGTqzygCFUtkSBs3V3xMpjrSeRoHtjLAZ6WVvJv7ndRMTXvspE3FiqCCLRWHCkZFolgAaMEWJ4VNLMFHM3orICCtMjM2pZEPwll9eJa3Lqler3tzXKvVGHkcRTuAUzsGDK6jDHTSgCQSe4Ble4c2ZOC/Ou/OxaC04+cwx/IHz+QMHX5JW</latexit>
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<latexit sha1_base64="wef0/GVmgp4Euv0ZPxXjTfOvFF0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmkoN4KXjxWsB/QxrLZbtqlm03YnRRK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrdce9TFx606dMqGmvVHYr7hxklXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Wu6nhCWUjOuAdSxWNuPGz+c1Tcm6VPgljbUshmau/JzIaGTOJAtsZURyaZW8m/ud1UgxvfPtPkiJXbLEoTCXBmMwCIH2hOUM5sYQyLeythA2ppgxtTEUbgrf88ippXlW8auX2oVqu1fM4CnAKZ3ABHlxDDe6hDg1gkMAzvMKbkzovzrvzsWhdc/KZE/gD5/MHGfyRyw==</latexit>
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<latexit sha1_base64="V5LitINIRan65AxuDL3Ppi+5cfM=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN4KXjy2YmuhDWWznbRrN5uwOxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28Sp5tDisYx1J2AGpFDQQoESOokGFgUSHoLxzcx/eAJtRKzucZKAH7GhEqHgDK3UxH654lbdOegq8XJSITka/fJXbxDzNAKFXDJjup6boJ8xjYJLmJZ6qYGE8TEbQtdSxSIwfjY/dErPrDKgYaxtKaRz9fdExiJjJlFgOyOGI7PszcT/vG6K4ZWfCZWkCIovFoWppBjT2dd0IDRwlBNLGNfC3kr5iGnG0WZTsiF4yy+vkvZF1atVr5u1Sv0uj6NITsgpOSceuSR1cksapEU4AfJMXsmb8+i8OO/Ox6K14OQzx+QPnM8f6NmNFA==</latexit>

vout
i+1

<latexit sha1_base64="0fF199YOnfPEDIFLanydI1c4P+I=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNRbwYvHCvYD2rVk02wbmk3WJFsoy/4OLx4U8eqP8ea/MW33oK0PBh7vzTAzL4g508Z1v53C2vrG5lZxu7Szu7d/UD48ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H49uZ355QpZkUD2YaUz/CQ8FCRrCxkj/pp+zCyx5TmZisX664VXcOtEq8nFQgR6Nf/uoNJEkiKgzhWOuu58bGT7EyjHCalXqJpjEmYzykXUsFjqj20/nRGTqzygCFUtkSBs3V3xMpjrSeRoHtjLAZ6WVvJv7ndRMTXvspE3FiqCCLRWHCkZFolgAaMEWJ4VNLMFHM3orICCtMjM2pZEPwll9eJa3Lqler3tzXKvVGHkcRTuAUzsGDK6jDHTSgCQSe4Ble4c2ZOC/Ou/OxaC04+cwx/IHz+QMHX5JW</latexit>

vin
i+1

<latexit sha1_base64="wef0/GVmgp4Euv0ZPxXjTfOvFF0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmkoN4KXjxWsB/QxrLZbtqlm03YnRRK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrdce9TFx606dMqGmvVHYr7hxklXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Wu6nhCWUjOuAdSxWNuPGz+c1Tcm6VPgljbUshmau/JzIaGTOJAtsZURyaZW8m/ud1UgxvfPtPkiJXbLEoTCXBmMwCIH2hOUM5sYQyLeythA2ppgxtTEUbgrf88ippXlW8auX2oVqu1fM4CnAKZ3ABHlxDDe6hDg1gkMAzvMKbkzovzrvzsWhdc/KZE/gD5/MHGfyRyw==</latexit>

Transform Ti+1 into Pi+1 in O(|D|)
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Level update

If l is the smallest layer visited by the traversal, we set:

ℓ(vini+1) = l, ℓ(vouti+1) = l + 1

For each u visited, ℓ(u) = l
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Parameterized linear time

We show that:

Invariants are maintained

A step takes O(|N−(vi+1)|) and O(k) per vertex of level at
least l

Each vertex is charged O(k2) times during the algorithm

Theorem 1.3

We compute an MPC in time O(k3|V |+ |E|)
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Roadmap
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Width sparsification

We show the following result for a path cover of size t

Theorem 1.4

We compute, in O(t2|V |) time, a path cover P ′, |P ′| = t, whose
number of distinct edges is less than 2|V |

Thus we obtain

Corollary 1.1

We compute a spanning subgraph G′ = (V,E′) of G with
|E′| < 2|V | and width k in time O(k3|V |+ |E|).

→ We also show that the bound 2|V | is asymptotically tight
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